We show that the number of ternary words of length n that avoid abelian cubes is Ω(β n ), where β = 2 1/36 .
Introduction
Thue [10] introduced the study of combinatorics on words by showing the existence of an infinite ternary word that avoids squares xx. Erdős proposed a generalization of this problem to the study of abelian squares, i.e., words xy such that y is a permutation of x. Evdokimov [5] showed that abelian squares are avoidable over a 25 letter alphabet. Pleasants [9] subsequently lowered the alphabet size to 5. Justin [7] showed that abelian fifth powers are avoidable over a binary alphabet. Dekking [3] gave a method of testing if a morphism is abelian m-power-free. He used this method to improve Justin's result by showing that abelian fourth powers are avoidable over a binary alphabet. He also showed that abelian cubes are avoidable over a ternary alphabet. Keränen [8] improved the result of Pleasants by showing that abelian squares are avoidable over a 4 letter alphabet.
Carpi [1] showed that are exponentially many abelian squarefree words of length n over a 4 letter alphabet by giving an abelian squarefree substitution. Currie [2] generalized Dekking's test of abelian m-power-freeness from morphisms to substitutions. By giving an abelian fourth-power-free substitution, he showed that there are exponentially many binary words of length n that avoid abelian fourth powers. Here we use the same technique to show that there are exponentially many ternary words of length n that avoid abelian cubes.
Preliminaries
For the most part we will use the terminology of Dekking [3] and Currie [2] .
Let Σ be a finite, non-empty set called an alphabet. We denote the set of all finite words over the alphabet Σ by Σ * . For a ∈ Σ and w ∈ Σ * , we denote the number of occurences of a in w by |w| a . Let Σ k denote the alphabet {0, 1, . . . , k −1}. For w ∈ Σ * k , the Parikh map Ψ(w) is defined by Ψ(w) = [|w| 0 , |w| 1 , . . . , |w| k−1 ]
T . An abelian m-power is a word
A substitution (in the sense of Hopcroft and Ullman [6, p. 60 
Let f : Σ * → G be a semigroup homomorphism. If for any u, v ∈ θ(Σ) and any decom-
Let G be an additive abelian group and let m be a natural number. A subset S of G is progression-free of order m+1 if for all s ∈ S, s + it ∈ S, i = 1, 2, . . . , m, implies t = 0.
We will need the following generalization due to Currie [2] of a result given by Dekking [3] .
k be a substitution that is single valued up to permutation and let L be the set of non-empty prefixes of words in θ(Σ k ). Suppose that
is progression-free of order m + 1, (3) f is θ-injective, and (4) the frequency matrix M of θ is non-singular.
Then θ is abelian m-power-free.
Main Result
Theorem 2. Let a n be the the number of ternary words of length n that avoid abelian cubes. Then a n ≥ αβ n , where α = 2 −35/36 and β = 2 1/36 .
It is clear that θ is single-valued up to permutation. The frequency matrix M of θ is given by
We see that det(M) = 36, from which we conclude that M is non-singular. By analogy with Remark 3 of [2], we therefore let G be the additive abelian group Z 36 . We next define the homomorphism f : Σ * 3 → Z 36 by
We see that (f (0), f (00), f (001), f (0010), f (00100), f (001002)) = (1, 2, 15, 16, 17, 0) (f (1), f (11), f (110), f (1101), f (11011), f (110112)) = (13, 26, 27, 4, 17, 0)
(1) (f (0), f (00), f (002), f (0022), f (00221), f (002212)) = (1, 2, 21, 4, 17, 0) (f (1), f (12), f (122), f (1220), f (12200), f (122002)) = (13, 32, 15, 16, 17, 0), from which we may observe that f (v) = 0 if v ∈ θ(a) for some a ∈ Σ 3 . From (1) the reader may also verify that f is θ-injective.
The set L of non-empty prefixes of words in θ(Σ 3 ) is given by The reader may verify that the longest arithmetic progression in f (L) is of length 3, and so f (L) is progression-free of order 4. Now by Theorem 1, θ is abelian cubefree.
Next, let w be any word in θ ω (0). If w is a prefix of length n of w, then we have w ∈ θ(w ′ )p for some prefix w ′ of w and some p with |p| ≤ 5. Moreover, every word in θ(w ′ )p is abelian cubefree. Since every subword of w ′ of length 6 contains at least one 2, |w ′ | 2 ≥ (|w ′ | − 5)/6. Hence θ(w ′ )p contains at least 2 (|w ′ |−5)/6 words. Since n = |w| ≤ 6|w ′ | + 5, we conclude that θ(w ′ )p contains at least αβ n words, where α = 2 −35/36 and β = 2 1/36 .
